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� The Distribution of Cross�correlation Samples

The STAFF correlator computes aboard Cluster the Hermitian cross�spectral matrix� The o��diagonal
elements are normalised to the diagonal elements� cij � Sij�

p
�SiiSjj� so that� by Schwarz	s inequality�


 � cij � �� The square of the real rij � �Re�cij�
� and the square of the imaginary iij � �Im�cij�

�

parts of cij are telemetered to the ground using three bits for each� the remaining two bits of the eight�bit
word being used for the signs of Re�cij� and of Im�cij�� As the magnitudes of rij and of iij are carried
by only three bits� each can take one of only �� � � values� The problem is to optimise the distribution
�between the limits of 
 and �� of the ranges corresponding these eight allowable values� Two possible
distributions have been proposed� �approximately� logarithmic� and linear�

The choice of distribution must be driven by the scienti�c objectives� which are�
�� determination of the magnitude of the correlation� and
�� determination of the phase of the correlation for all magnitudes�

In each quadrant of the complex cij plane there are � � � � �� bins for the complex correlation
coe�cient� Figures � and � show respectively the �rst quadrant of the complex Cij plane for two
di�erent distributions of sampling bins� A number is printed at the position of the outer corner of each
of the �� bins� its value being the phase angle corresponding to that corner� Note that the magnitude of
the correlation coe�cient is the radial distance from the origin of coordinates�

Fig� � is for a logarithmic distribution of digitisation ranges� as originally proposed and currently
implemented� except for one small modi�cation� The smallest of the inter�range separation limits has
been lowered� to modify the relative sizes of the lowest two ranges� The e�ect is to reduce the size of the
bins next to the real axis and increase the size of the bins on the row above� i�e�� to make the two rows
more nearly equal �Fig� ��� and the same thing along the imaginary axis�

The approximation� discussed in sections � and �� used to calculate the rij and iij is such that it is
equally easy to calculate real and imaginary parts of cij itself �i�e�� square roots can be taken�� It has
been proposed to use a linear distribution of ranges for sampling Re�cij� and Im�cij�� Fig� � shows the
distribution of bins in the �rst quandrant of the complex cij plane for this distribution�

Note that a logarithmic distribution of can be applied to either rij or cij� The base of the logarithm
used to draw Fig� � has been optimised� it corresponds to log� for rij or logp� for cij �

These �gures were drawn using the programme on page �
� which produced a LaTEXsource �le� This
was subsequently used to produce the plots� Note that the scale used to draw the �rst �gure is exactly
logarithmic except for p��� the scale used for the Cluster hardware will be the same� according to the
digital algorithms described in sections � and � are used�

Note that� for a given magnitude of the correlation coe�cient� the complex correlation coe�cient
must lie on a quadrant of a circle centered on the origin and with radius equal to the magnitude of the
correlation coe�cient�

It can be seen that�

� The logarithmic distribution gives a phase resolution which has a much better distribution in the
complex cij plane� giving phase resolution for small correlations� although less good than for high
correlations� it is physically acceptable� Only one pair of values for the real and imaginary parts
of cij can occurs �i�e�� is totally wasted��

� The corners of all the �quantisation cells� �except where modi�ed close to the real and imaginary
axes� lie on lines of constant phase given by tan����i��� where i is an integer in the range �� �
i � ��� This is why the phase resolution is conserved for di�erent magnitudes of correlation�

� The linear distribution of values of the real and imaginary parts of cij gives no phase information
at all for correlations less than �
�� and only comparable �but more uniform� phase resolution for
high �� �� corelation magnitudes�

� The reason for this loss is information is that � bins �i�e�� � of the �� possible pairs of values for
the real and imaginary parts of cij� can never occur because� for physical reasons� the magnitude
of the correlation can never be larger than unity�
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� Scienti�c Conclusions

�� The logarithmic distribution is superieur to the linear distribution� because�

� It has both magnitude and phase resolution over the entire complex cij plane�

� In particuler� the logarithmic distribution handles the phase determination for small correla�
tions�

�� The behaviour near the real and the imaginary axes �the boundary of the smallest cells on each
axis� has been modi�ed �from strictly logarithmic� to give more uniform phase resolution for small
phase angles�

� Implementation

In the processing� real numbers are represented by � bits of exponent with value e and � bits of mantissa
with value m� which represent the value

N � ��e��� � ��� �m�� ���

Thus� with

 � e � ��� and 
 � m � ����

we have
� � N � ���� � ��	 � �� � ��
� � �
��� ���

If we denote the reduced mantissa m� by

m� � m���� ���

then

 � m� � �

and
N � �e � �� �m��� ���

The product of two numbers N� and N� is

N� �N� � �e��� �m�
��� �e��� �m�

�� � ��e��e�� � �� �m�
� �m�

� �m�
�m

�
��

This is very close to the number represented by the expression ��e��e�����m�
��m�

�� obtained by simply
adding the exponents amd mantissas�

� Numerical considerations

It would be is computationally very convenient to treat these exponent�mantissa representations as if
they are true logarithms� provided that the consequent errors are acceptable� We denote the mantissa
in eq� ��� by M � that is� M � ���� � m� and lies in the range ��� � M � ���� If the ���bit
representation of a number were a true logarithmic representation� then the eight right�most bits would
vary logarithmically over the same range of values as the approximate mantissa in Eq� �� that is� between
��� when M � ��� and ��� when M � ���� The logarithmic function satisfying these two conditions
is ���� log��M������ instead of m � M � ��� with our exponent�mantissa representation� The error
committed in treating the ���bits of exponent�mantissa as the true logarithm is just the error introduced
by representing ��� � log��M����� by M���� in the range ��� � M � ���� that is� by representing
log�M

� by M ��� in the range � �M � � ��
For any value of the �reduced� mantissa x � N���� in the range � � x � �� the value of m� is x���

If m� is now interpreted as being the �true� logarithm �to base �� of the mantissa� the corresponding
value for the mantissa would be �m

�

� ��x���� Therefore� the ratio of the true value of x to the value
obtained by interpreting the approximation as the true logarithm is

f�x� �
x

��x���
for � � x � ��

The function f�x� take thes following values in the range � � x � �
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x � ���� ����� ���	� ��

�	 ����� ��	�� ����

f�x� � ���� ����� ���
� ���
�� ���
� ���
� ����

f�x� is unity at the ends of the range� within which it is always greater than unity� with a maximum
value of ��
���� occurring when x � log� e � ������� Thus use of the expression exponent�mantissa as
the logarithm leads to an under�estimation of the correct numerical value by an amount which is always
less than ������

Of course� it would be possible to remove this error completely by representing numbers by their �true�
logarithm� This would be possible by replacing the eight bits of our mantissa by the corresponding eight
bits of the true logarithm� for example� by using the look�up table shown in Table ��

� Calculation of the rij and iij

Having decided to use the exponent�mantissa as if it is the true logarithm� the calculation of rij and iij
is rather easy�

rij � �Re�cij�
� � �Re�Sij�
���SiiSjj�
iij � �Im�cij�


� � �Im�Sij�

���SiiSjj�

The logarithms of rij is simply

log��rij� � � log� �Re�Sij ��� log� Sii � log� Sjj

There is a slight complication caused by the fact that rij �and iij� are both less than unity� while numbers
less than unity are not de�ned on our exponent�mantissa representation of eqs� ��� or ���� Therefore
we compute the logarithm of the inverse�

log����rij� � log� Sii � log� Sjj � � log� �Re�Sij�� ���

and the same thing for the imaginary part�

log����iij� � log� Sii � log� Sjj � � log� �Im�Sij�� ���

Finally� it is easy to realise the distribution of samples on the logarithmic scale recommended in
section �� If the ���bit word written

b�
b��b��b��b��b�
b	b�b�b�b
b�b�b�b�b


represents the value x� then
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 represents x � ���

Provided that
b�
b��b��b��b�� � 




�

we may take �using a mask� only the three bits b�
b	b�� the values of these three bits represent values of
x in the ranges shown below� the last column shown the value actually sent to the telemetry�




 � � � x � � TM � �


� � � � x � � TM � �

�
 � � � x � � TM � �

�� � � � x � �� TM � �
�

 � �� � x � �� TM � �
�
� � �� � x � �� TM � �

��
 and ��� � �� � x � ��� TM � �
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The last line deviates from the geometric progression because� as was shown in section �� it is useful to
deviate from a true logarithmic scale for the last two bins� to obtain more uniform phase resolution for
small phase angles� In the case

b�
b��b��b��b�� �� 




� we have ��� � x and TM � 


which completes the modi�ed logarithmic scale used to draw Fig� ��

	 Linear distribution

��rij is greater than �� and we start by calculating two	s compliment of the representation� this is

equivalent to dividing x into ��
�

� so that the result y � ��
�

�x lies in the range � � y � �
���� In
particular�

���������������� represents y � nearly �
���������
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p
�

��������
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�
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p
�

�������








 represents y � ���
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���

������









 represents y � ����
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 represents y � ����
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�
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�����

�







 represents y � �����
�����










 represents y � �����

To obtain Re�cij �
p
�rij� it is necessary to take the square root� which is equivalent to shifting the

whole ���bit word one bit to the right� For reasons which I have not quite understood� by taking the bits
b	b�b� from the above table� we have

��� � ��
p
� � x � � TM � �

��
 � ��� � x � ��
p
� TM � �

�
� � ��� � x � � TM � �
�

 � ��� � x � �� TM � �

�� � ���� � x � �� TM � �

�
 � ���� � x � �� TM � �


� � ���� � x � �� TM � �



 � �� � x � �� TM � �


 Precision of the Results

It was shown above that the use of the exponent�mantissa as if it were the true logarithm leads to an
error which is less than ������ We have not worked out the distribution of the error� but we do know
that it will always be in the same sense �the represented value will be too small�� However� in eqs ���
and ��� we have two logarithms which are added and two �actually� the same one twice over� which
are subtracted� so the error will not accumulate systematically� Therefore the maximum error �worst
possible case� is ��
���� � ������ or ������ The probable error will be smaller�

The precise estimation of the standard error needs further study� but the result is certainly compatible
with our quasi�logarithmic distribution of telemetered samples� which works only to within a factor of ��

C�C� Harvey
Meudon� le �
 avril ����
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Figure �� The distribution of cells in the complex cij plane when using logarithmic quantisation� Each
printed number is the phase of the corner of the bin� The logarithmic distribution used for this
following plot is

C � ��p for 
 � p � �

and
C � ��p�� for p � �

which is exactly logarithmic except for p � ��
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Figure �� The distribution of cells in the complex cij plane when

using linear quantisation�
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	 ��	 �		 ��� ��
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�� 
� 
� �� �
 ��
 ��
 �
� ��� �	� ��� ��� ��� ��� ��
 ���

�� 
� 
� �� �� ��	 ��	 �
� ��� �	� ��� ��
 ��� ��� ��� ���

Table �� This table shows the value �right�hand column� which should be used to replace the value
�left�hand column� of the ��bit mantissa in order to obtain the true logarithm of the value to be
represented�
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proc lindist

let x��

while x��

lprint ��put���dec�x�
�
��������line����������

lprint ��put�����dec�x�
�
������line����������

let y��

while y��

let a�deg�atn�y�x��

lprint ��put���dec�x�
�
������dec�y�
�
������makebox��������num�a��������

let y�y������

endwhile

let x�x������

endwhile

endproc

proc logdist

let i��

while i��

if i�	� let i��� endif

let x�����i�

let sx�sqr�x�

lprint ��put���dec�sx�
�
��������line����������

lprint ��put�����dec�sx�
�
������line����������

let j��

while j��

if j�	� let j��� endif

let y�����j�

let sy�sqr�y�

let a�deg�atn�sy�sx��

lprint ��put���dec�sx�
�
������dec�sy�
�
������makebox��������num�a��������

let j�j��

endwhile

let i�i��

endwhile

endproc

proc logtable

rem ����� programme to produce the �log�table�

let ln��ln���

let k��

while k���

let j��

while j��

let i����j�k

let x���
�ln���i���
��ln�

lprint num�i�
��num�x�
�����

let j�j��

endwhile

lprint ��

let k�k��

endwhile

endproc


